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A q-DWORK-TYPE GENERALIZATION OF
RODRIGUEZ-VILLEGAS’ SUPERCONGRUENCES
HE-XIA NI
Abstract. Guo and Zudilin [Adv. Math. 346 (2019), 329–358] developed an
analytical method, called ‘creative microscoping’, to prove many supercongru-
ences by establishing their q-analogues. In this paper, we apply this method
to give a q-Dwork-type generalization of Rodriguez-Villegas’ supercongruences,
which was recently conjectured by Guo and Zudilin.
1. Introduction
Let p > 3 be a prime and
( ·
p
)
be the Legendre symbol modulo p. In 2003, E.
Morterson [10,11] proved the following supercongruences involving hypergeometric
functions and Calabi-Yau manifolds,
p−1∑
k=0
(
2k
k
)2
16k
≡
(
−1
p
)
(mod p2), (1.1)
p−1∑
k=0
(
3k
k
)(
2k
k
)
27k
≡
(p
3
)
(mod p2), (1.2)
p−1∑
k=0
(
4k
2k
)(
2k
k
)
64k
≡
(
−2
p
)
(mod p2), (1.3)
p−1∑
k=0
(
6k
3k
)(
3k
k
)
432k
≡
(
−1
p
)
(mod p2), (1.4)
which were first conjectured by F. Rodriguez-Villegas [15]. In 2014, Z.-H. Sun [16]
gave an elementary proof of (1.1)–(1.4) by showing that
p−1∑
k=0
(
−x
k
)(
x− 1
k
)
≡ (−1)〈−x〉p (mod p2)
for any p-adic integer x, where 〈x〉p denotes the least nonnegative residue of x
modulo p. In 2017, J.-C. Liu [9] stated that for any x ∈ {1/2, 1/3, 1/4, 1/6} and
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any positive integer n,
pn−1∑
k=0
(
−x
k
)(
x− 1
k
)
≡ (−1)〈−x〉p
n−1∑
k=0
(
−x
k
)(
x− 1
k
)
(mod p2).
In the recent years, q-analogues of supercongruences were widely investigated,
and a variety of techniques, such as asymptotic estimate, basic hypergeometric
transformation, creative microscoping, q-WZ pair and q-Zeilberger algorithm etc.,
were involved. For example, in [7], Guo and Zudilin introduced a new method called
creative microscoping, and used this method to proved several new Ramanujan-
type q-congruences in a unifed way. For more related results and the latest progress,
the reader is referred to [2–8, 12, 13, 18, 19].
In particular, Guo and Zudilin [8] proved some Dwork-type supercongruences
by establishing their q-ananlogues. For example, they proved that, for any odd
positive integer n > 1 and integer r ≥ 1, modulo
∏r
j=1Φnj (q)
2,
(nr−1)/d∑
k=0
2(q; q2)2kq
2k
(q2; q2)2k(1 + q
2k)
≡
(
−1
n
) (nr−1−1)/d∑
k=0
2(qn; q2n)2kq
2nk
(q2n; q2n)2k(1 + q
2nk)
, (1.5)
where d = 1, 2. Here and in what follows, the q-shifted factorials [1] are given by
(x; q)n =
{
(1− x)(1− xq) · · · (1− xqn−1) if n ≥ 1,
1 if n = 0,
and the n-th cyclotomic polynomial is defined as
Φn(q) :=
∏
1≤k≤n
(n,k)=1
(q − e2pi
√−1· k
n ).
Moreover, for polynomials A1(q), A2(q), P (q) ∈ Z[q], we say that A1(q)/A2(q) ≡
0 (mod P (q)) if P (q) divides A1(q) and is relatively prime to A2(q). More gener-
ally, if the numerator of the reduced form of the difference between two rational
functions B(q) and C(q) is divisible by P (q), we say that B(q) ≡ C(q) (mod P (q)).
Guo and Zudilin [8, Conjecture 3.13] also proposed the following conjecture: for
any old integer n > 1 and integers s ≥ 1, m ≥ 1, r ≥ 2 with s < m and n ≡
±1 (mod m),
nr−1∑
k=0
2(qs; qm)k(q
m−s; qm)kqmk
(qm; qm)2k(1 + q
mk)
≡(−1)〈−s/m〉n
nr−1−1∑
k=0
2(qsn; qmn)k(q
mn−sn; qmn)kqmnk
(qmn; qmn)2k(1 + q
mnk)
(mod
r∏
j=1
Φnj (q)
2). (1.6)
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Clearly, the q-supercongruence (1.5) is just the (m, s) = (2, 1) case of (1.6), and
there are parametric generalizations of (1.6) (see [3]) for r = 1.
Motivated by Guo and Zudilin’s work [8], we shall confirm the n ≡ 1 (mod m)
case of (1.6).
Theorem 1.1. Let m and s be positive integers with s < m. Let n > 1 be an odd
integer with n ≡ 1 (mod m). Then, for r ≥ 2, modulo
∏r
j=1Φnj (q)
2,
nr−1∑
k=0
2(qs; qm)k(q
m−s; qm)kqmk
(qm; qm)2k(1 + q
mk)
≡ (−1)〈−s/m〉n
nr−1−1∑
k=0
2(qsn; qmn)k(q
mn−sn; qmn)kqmnk
(qmn; qmn)2k(1 + q
mnk)
.
(1.7)
Remark 1.1. Note that
Φd(1) =
{
p if d = pk for some prime p,
1 otherwise.
Letting n = p be a prime and q → 1 in (1.7), we obtain
pr−1∑
k=0
(
−s/m
k
)(
−(m− s)/m
k
)
− (−1)〈−s/m〉p
pr−1−1∑
k=0
(
−s/m
k
)(
−(m− s)/m
k
) /p2r
is a p-adic integer. Moreover, since gcd(m, p) = 1, and 1/
((−s/m
pr−1
)(−(m−s)/m
pr−1
))
∈
Zp, the number
Wp,pr−1 =
∑pr−1
k=0
(−s/m
k
)(−(m−s)/m
k
)
− (−1)〈−s/m〉p
∑pr−1−1
k=0
(−s/m
k
)(−(m−s)/m
k
)
p2r
(−s/m
pr−1
)(−(m−s)/m
pr−1
)
is a p-adic integer. This partially confirms the n = pr−1 and p ≡ 1 (mod m) case
of a conjecture of Z.-W. Sun [17, Conjecture 10]. On the other hand, the n = p
and q → 1 case of (1.7) with m = 3, 4, 6 also confirms some predictions of Roberts
and Rodriguez-Villegas from [14].
Another main result of this paper is as follows.
Theorem 1.2. Let m, n and s be positive integers with s < m, n ≡ −1 (mod m)
and n odd. Then, for r ≥ 2, modulo
∏⌊r/2⌋
j=1 Φn2j (q)
2,
nr−1∑
k=0
2(qs; qm)k(q
m−s; qm)kqmk
(qm; qm)2k(1 + q
mk)
≡
nr−2−1∑
k=0
2(qsn
2
; qmn
2
)k(q
mn2−sn2 ; qmn
2
)kq
mn2k
(qmn2 ; qmn2)2k(1 + q
mn2k)
. (1.8)
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Remark 1.2. Suppose that (1.6) is true for all odd integers with n ≡ −1 (mod m).
Using q-congruence (1.6) twice we can have
nr−1∑
k=0
2(qs; qm)k(q
m−s; qm)kqmk
(qm; qm)2k(1 + q
mk)
≡
nr−2−1∑
k=0
2(qsn
2
; qmn
2
)k(q
(m−s)n2 ; qmn
2
)kq
mn2k
(qmn2 ; qmn2)2k(1 + q
mn2k)
(mod
r−1∏
j=1
Φnj (q)
2).
Clearly, (1.8) confirms in part the n ≡ −1 (mod m) case of (1.6).
We shall prove Theorems 1.1 and 1.2 in Sections 2 and 3, respectively.
2. Proof of Theorem 1.1
We need the following lemma, which was proved by Guo [3, Corollary 1.4].
Lemma 2.1. Let m,n and s be positive integers with gcd(m,n) = 1 and n odd.
Then, modulo (1− aqs+m〈−s/m〉n)(a− qm−s+m〈(s−m)/m〉n),
n−1∑
k=0
2(aqs; qm)k(q
m−s/a; qm)kqmk
(qm; qm)2k(1 + q
mk)
≡ (−1)〈−s/m〉n . (2.1)
In order to prove Theorem 1.1, we need to establish the following parametric
generalization.
Theorem 2.1. Let m, n and s be positive integers with s < m, n ≡ 1 (mod m)
and n odd. Let r ≥ 2 be an integer and a an indeterminate. Then, modulo
⌊nr−1−1
s
⌋∏
j=0
(1− aqsn(mj+1))
⌊nr−1−1
m−s
⌋∏
j=0
(a− q(m−s)n(mj+1)), (2.2)
we have
nr−1∑
k=0
2(aqs; qm)k(q
m−s/a; qm)kqmk
(qm; qm)2k(1 + q
mk)
≡ (−1)〈−s/m〉n
nr−1−1∑
k=0
2(aqsn; qmn)k(q
mn−sn/a; qmn)kqmnk
(qmn; qmn)2k(1 + q
mnk)
. (2.3)
Proof. It suffices to show that both sides of (2.3) are identical when we take a =
q−sn(mj+1) for any j with 0 ≤ j ≤ ⌊n
r−1−1
s
⌋, or a = q(m−s)n(mj+1) for any j with
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0 ≤ j ≤ ⌊n
r−1−1
m−s ⌋, i.e.,
nr−1∑
k=0
2(qs−sn(mj+1); qm)k(qm−s+sn(mj+1); qm)kqmk
(qm; qm)2k(1 + q
mk)
= (−1)〈−s/m〉n
nr−1−1∑
k=0
2(q−snmj; qmn)k(qmn+snmj; qmn)kqmnk
(qmn; qmn)2k(1 + q
mnk)
, (2.4)
and
nr−1∑
k=0
2(qs+(m−s)n(mj+1); qm)k(qm−s−(m−s)n(mj+1); qm)kqmk
(qm; qm)2k(1 + q
mk)
= (−1)〈−s/m〉n
nr−1−1∑
k=0
2(qmj(m−s)n+mn; qmn)k(q−mj(m−s)n; qmn)kqmnk
(qmn; qmn)2k(1 + q
mnk)
. (2.5)
It is easy to see that nr − 1 ≥ snj + s(n − 1)/m for 0 ≤ j ≤ ⌊n
r−1−1
s
⌋, and
nr−1 ≥ (m−s)nj+(m−s)(n−1)/m for 0 ≤ j ≤ ⌊n
r−1−1
m−s ⌋. Since n ≡ 1 (mod m),
we know 〈−s/m〉n = s(n − 1)/m and 〈(s − m)/m〉n = (m − s)(n − 1)/m. By
Lemma 2.1 the left side of (2.3) is equal to
(−1)sj+s(n−1)/m.
Likewise, the right-side of (2.3) is equal to
(−1)s(n−1)/m(−1)s(mj+1−1)/m = (−1)sj+s(n−1)/m.
This proves (2.4). Via a similar discussion as above, we can also prove the identity
(2.5) is true. Namely, the q-congruence (2.3) is true modulo (2.2).

Proof of Theorem 1.1. This time the limit of (2.2) as a → 1 has the factor
r∏
j=1
Φnj (q)
⌊nr−j−1
s
⌋+⌊nr−j−1
m−s
⌋+2
where we use the fact the sets{
{sn(mj + 1) : j = 0, . . . , ⌊n
r−1−1
s
⌋},
{(m− s)n(mj + 1) : j = 0, . . . , ⌊n
r−1−1
m−s ⌋},
contain exactly ⌊n
r−j−1
s
⌋ + ⌊n
r−j−1
m−s ⌋ + 2 multiples of n
j for j = 1, . . . , r. Here we
need to show that nj−1(⌊n
r−j−1
s
⌋m + 1) ≤ ⌊n
r−1−1
s
⌋m + 1 is true for all integers
1 ≤ j ≤ r. Hence, letting a → 1 in (2.3) we conclude that (1.7) is true modulo∏r
j=0Φnj (q)
2. 
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3. Proof of Theorem 1.2
We have the following parametric generalization of Theorem 1.2.
Theorem 3.1. Let m, n and s be positive integers with s < m, n ≡ −1 (mod m)
and n odd. Then, for r ≥ 2, modulo
⌊nr−2−1
s
⌋∏
j=0
(1− aqsn
2(mj+1))
⌊nr−2−1
m−s
⌋∏
j=0
(a− q(m−s)n
2(mj+1)), (3.1)
we have
nr−1∑
k=0
2(aqs; qm)k(q
m−s/a; qm)kqmk
(qm; qm)2k(1 + q
mk)
≡
nr−2−1∑
k=0
2(aqsn
2
; qmn
2
)k(q
mn2−sn2/a; qmn
2
)kq
mn2k
(qmn2 ; qmn2)2k(1 + q
mn2k)
. (3.2)
Proof. For a = −qsn
2(mj+1) or a = q(m−s)n
2(mj+1), the left-hand side of (3.2) can be
written as
nr−1∑
k=0
2(qs−sn
2(mj+1); qm)k(q
m−s+sn2(mj+1); qm)kqmk
(qm; qm)2k(1 + q
mk)
= (−1)〈−s/m〉(mj+1)n2 = (−1)sn
2j−s(n2−1)/m = (−1)sn
2j , (3.3)
and
nr−1∑
k=0
2(qs+(m−s)n
2(mj+1); qm)k(q
(m−s)−(m−s)n2(mj+1); qm)kqmk
(qm; qm)2k(1 + q
mk)
= (−1)〈−s/m〉(mj+1)n2 = (−1)sn
2j−s(n2−1)/m = (−1)sn
2j. (3.4)
Similarly, the right-hand side of (3.2) is equal to
(−1)〈−s/m〉n2 · (−1)〈−s/m〉(mj+1) = (−1)s(n
2−1)/m+sj = (−1)sn
2j ,
and so the q-congruence (3.2) is true modulo (3.1). 
Proof of Theorem 1.2. As in the previous considerations, the limit of (3.1) as a → 1
has the factor
∏⌊r/2⌋
j=1 Φn2j (q)
⌊nr−2j−1
s
⌋+⌊nr−2j−1
m−s
⌋+2, where we use the fact the sets{
{sn2(mj + 1) : j = 0, . . . , ⌊n
r−2−1
s
⌋},
{(m− s)n2(mj + 1) : j = 0, . . . , ⌊n
r−2−1
m−s ⌋},
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contain exactly ⌊n
r−2j−1
s
⌋+ ⌊n
r−2j−1
m−s ⌋+2 multiples of n
2j for j = 1, . . . , ⌊r/2⌋. The
proof of (1.8) modulo
∏⌊r/2⌋
j=1 Φn2j (q)
2 then follows by taking the limit as a → 1 in
(3.1).

Acknowledgments. We thank Victor J. W. Guo and Chen Wang for their very
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